We answer a question of Piotr Minc by proving that there is no compact metrizable space whose set of components contains a unique topological copy of every metrizable compactification of a ray (i.e. a half-open interval) with an arc (i.e. closed bounded interval) as the remainder. To this end we use the concept of Borel reductions coming from Invariant descriptive set theory. It follows as a corollary that there is no compact metrizable space such that every continuum is homeomorphic to exactly one component of this space.
Introduction
By a continuum we mean a compact connected metrizable space. It can be easily observed that there is a compact metrizable space X such that every continuum is homeomorphic to some component of X. Indeed, let us consider the Cantor set C, the Hilbert cube Q, the hyperspace of all subcontinua C(Q) with the Vietoris topology (which is known to be a compact metrizable space), and any continuous surjection f : C → C(Q) (which exists by elementary properties of the Cantor set), and let
with the topology inhereted from the product space C × Q. To what extent this result can be generalised in a positive direction was the main scope of [BBvM + 19] . One of the aims of this paper is to prove a negative counterpart, namely that there is no such a space X in which all the components are pairwise non-homeomorphic.
For a continuum K let us call a space S a spiral over K if S is homeomorphic to a metrizable compactification of [0, ∞) with K as the remainder. It is an old result of Waraszkiewicz that there are uncountably many spirals over a circle such that no one can be mapped onto any other by a continuous mapping [War32] (see [PV12] for a simple proof). Awartani constructed an uncountable collection of compactifications of a ray with the same properties [Awa93] . Bartoš, Marciňa, Pyrih and the author proved that for every non-degenerate Peano continuum K there is a family of size continuum of spirals over K such that no one can be mapped continuously onto any other [BMPV16] . On the other hand Illanes, Minc and Sturm proved that for every pair Y, Z of spirals over the pseudo-arc, Y can be mapped continuously onto Z [IMS15] . Recently, Minc proved that for every non-degenerate continuum K there is a perfect set of spirals over K such that no one is homeomorphic to any other [Min16] .
Minc asked whether for a non-degenerate continuum K there is compact metrizable space X such that (1) every spiral over K is homeomorphic to a unique component of K and at the same time (2) every component of X is homeomorphic to a spiral over K [Min16, Question 2]. In the next section a negative answer to the question is presented. We prove that there is no compact metrizable space X satisfying (1) with K = [0, 1]. The proof works also with another choices of the space K, e.g. if K is supposed to be a circle.
Main results
A Polish space is a completely metrizable separable space. Let us denote by K(X) the hyperspace of all compact subsets of a space X with the Vietoris topology. This is well known to be a Polish space if X is Polish. Recall that a continuous surjective mapping is called perfect if it is closed and preimages of points are compact. The following definition is suitable for our purposes.
Definition 1. A collection C of metrizable continua is called uniquely compactifiable if there exists a compact metrizable space X such that for every C ∈ C there exists a unique component D of X which is homeomorphic to C.
Let us focus on the fact that in the definition above we do not require that the components of X are homeomorphic to elements of C.
Let us recall some basic definitions from Invariant descriptive set theory. See [Gao09] for more details in this field or [For18] for a nice and short introduction to the theory of Borel reductions. Let X, Y be Polish spaces and E, F equivalence relations on X, Y respectively. We say that E is Borel reducible to F if there is a Borel measurable mapping ϕ :
An equivalence relation is called smooth if it is Borel reducible to the equality equivalence relation on a Polish space.
We can relax the notion of unique compactifiability in the sense of the following definition.
Definition 2. A collection C of compact metrizable spaces is called uniquely
Polishable if there exist Polish spaces X, Y and a perfect mapping π : X → Y such that for every C ∈ C there exists unique y ∈ Y for which π −1 (y) is homeomorphic to C.
Lemma 3. If C is a collection of continua which is uniquely compactifiable then C is uniquely Polishable.
Proof. Since C is compactifiable, there is a witnessing compact space X as in Definition 1. Let us denote by Y the quotient space of X where all the components shrink to points. It is known that Y is a compact metrizable space. Let us denote as π : X → Y the corresponding quotient mapping. Clearly π is a perfect mapping and hence C is uniquely Polishable.
We denote by Q the Hilbert cube and by H the homeomorphism equivalence relation on K(Q). It means that (K, L) ∈ H if and only if K, L ∈ K(Q) and K is homeomorphic to L.
The following theorem contains one of the two main ingredients towards the solution of Minc' question.
Proof. Since C is uniquely Polishable, there are Polish spaces X, Y and a continuous mapping π : X → Y as in Definition 2. Moreover we can suppose that X ⊆ Q, whence K(X) ⊆ K(Q). Let us denote by ρ : Y → K(X) the mapping defined as ρ(y) = π −1 (y).
Since π is closed it follows by [BBvM + 19, Proposition 3.16], that the set R is a G δ -set in the hyperspace K(X). Since moreover K(X) is a Polish space, it follows that R is a Polish space and also a G δ -set in K(Q) by [Kec95, Theorem 3.11]. The equivalence relation H is an analytic set in K(Q) 2 [Gao09, Proposition 14.4.3] and thus the binary relation Let us recall that a spiral over a continuum K is any space homeomorphic to a metrizable compactification of (0, 1] with K as the remainder. Let us denote by S(K) the collection of all spirals over K which are contained in
Note that in this case S f := graph(f )∪({0}×K) forms a compactification of (0, 1] with remainder {0} × K. Let us denote by H(X) the homeomorphism group of a topological space X.
The following lemma is a modification of both [PV12, Theorem 2] and [BMPV16, Proposition 3.3]. Its brief proof is involved for the sake of completeness.
Lemma 5. If K is a non-degenerate continuum and e, f : (0, 1] → K are compactifying then S e is homeomorphic to S f if and only if there exist α ∈ H(K) and β ∈ H((0, 1]) such that lim t→0 + |α(e(t)) − f (β(t))| = 0.
Proof. The graph of g is clearly the only dense arc-component of S g . Hence if h : S e → S f is a homeomorphism it follows that h(graph(e)) = graph(f ) and thus h({0} × K) = {0} × K. Let α(x) = π 2 (h(0, x)) and let β(x) = π 1 (h(x, e(x))). It is straightforward to verify that α and β are homeomorphisms satisfying the limit condition.
For the converse implication one can set h(0, x) = (0, α(x)), x ∈ K, and h(t, e(t)) = (β(t), f (β(t))), t ∈ (0, 1]. It is a routine to verify that h : S e → S f is a homeomorphism.
Let us denote 2 = {0, 1} and let E 0 be the equivalence relation of eventual equality of sequence in 2 N , that is (x, y) ∈ E 0 if and only if x, y ∈ 2 N and there exists m ∈ N such that x n = y n for n ≥ m.
Let f : J → R be a continuous mapping of an interval. We say that a point p ∈ J is a peak point for f of height h > 0 if there is an interval [a, b] ⊆ J containing p in the interior with the property that f is increasing on [a, p], f is decreasing of [p, b] and max{f (a), f (b)} = f (p) − h. We say that P = {p 1 < · · · < p n } are consecutive peak points for f if each p i , i ≤ n, is a peak point for f and there is no peak point for f in [p 1 , p n ] except those in the set P . The following proposition contains the second ingredient to the solution of Minc' question. Proof. In what follows, we describe a continuous mapping ψ : 2 N → S([0, 1]) such that (a, b) ∈ E 0 if and only if ψ(a) is homeomorphic to ψ(b). Consequently we can define T = ψ(2 N ) which is clearly a compact set and thus a Polish space.
Let (c n ) be a decreasing sequence in (0, 1] with c 1 = 1 and whose limit is 0. Let u n ∈ (c 4n−2 , c 4n−3 ), v n ∈ (c 4n−1 , c 4n−2 ) and w n ∈ (c 4n , c 4n−1 ) are chosen arbitrarily. Let A n , B n ⊆ (c 4n+1 , c 4n ) be disjoint finite sets with |A n | = n, |B n | = n − 1 such that between any two distinct elements of A n there is a point of B n . For every sequence a ∈ 2 N we describe a mapping f a (see Figure 1 ) which is encoding in some sense the asymptotic behavior of the sequence a. We define f a : (0, 1] → [0, 3] in such a way that it is continuous, affine on every interval which is disjoint with M := (A n ∪ B n ) ∪ {c n , u n , v n , w n : n ∈ N} and f (c n ) = 0 and f (u n ) = 1, f (v n ) = 2 f (w n ) = 1 + a n , for every n ∈ N, if x ∈ B n then f (x) = 0, if x ∈ A n then f (x) = 3. Let ψ : 2 N → S([0, 1]) be defined as ψ(a) = S fa . It can be easily seen that the mapping ψ : 2 N → K(R 2 ) is continuous. It remains to verify that ψ is a reduction. Clearly if (a, b) ∈ E 0 then ψ(a) is homeomorphic to ψ(b). On the other hand suppose that ψ(a) is homeomorphic to ψ(b) for some a, b ∈ 2 N . Then by Lemma 5 there are homeomorphisms α ∈ H([0, 3]) and β ∈ H((0, 1]) such that lim t→0 + |α(f a (t)) − f b (β(t))| = 0. Note that β is clearly increasing. There exists ε ∈ (0, 1) such that for t ∈ (0, ε) the inequality |α(f a (t)) − f b (β(t))| < 1/4 holds.
Clearly α({0, 3}) = {0, 3} since α ∈ H([0, 3]). The point (0, 0) has the property that whenever there is a sequence of points x n ∈ S fa converging to x ∈ {0} × [0, 3] then there is a sequence y n ∈ S fa converging to (0, 0) such that the points x n and y n are in the same arc-component and the sequence of minimal arcs containing both x n and y n converges to the minimal arc containing x and (0, 0). The point (0, 3) in S f b does not have the property above and hence α(0) = 0 and α(3) = 3. Thus also α is increasing. Since moreover the points (0, i) for i = 1, 2 are topologically distinguishable from all the remaing points in S fa (resp. in S f b ) we get that α(i) = i (consider e.g. the topological property that every sufficiently small neighborhood of (0, 1) or (0, 2) has a sequence of some components whose limit set is not a neighborhood of (0, 1) or (0, 2) in its arc component).
Let us note that the functions f a , f b are piecewise affine on every compact subinterval of (0, 1] and thus the mappings α • f a and f b • β are piecewise monotone on every such interval. Moreover all the peak points of α • f a and f b • β are contained in the set n∈N A n ∪ {u n , v n , w n } and β( n∈N A n ∪ {u n , v n , w n }) respectively and they are of heights 1, 2 or 3.
Let m ∈ N be such that c m < ε and consider any n ≥ m. Note that the set A n (resp. β(A n )) is a unique maximal set of n-many consecutive peak points of height 3 for α • f a (resp. f b • β). Since moreover |α(f a (t)) − f b (β(t))| < 1/4, t ∈ (0, ε), it follows that β([c 4n+1 , c 4n ]) ⊆ [u n+1 , w n ] for every n ≥ m. We conclude that the three peak points u n+1 , v n+1 , w n+1 for α • f a contained in [c 4n+4 , c 4n+1 ] of heights 1, 2, 1 + a n correspond with the three peak points β(u n+1 ), β(v n+1 ), β(w n+1 ) for f b • β contained in [β(c 4n+4 ), β(c 4n+1 )] of heights 1, 2, 1+b n . Especially the heights need to differ by at most 1/2. Since the heights are integral it follows that 1 + a n = 1 + b n , hence a n = b n for n ≥ m. Thus (a, b) ∈ E 0 . Proof. Suppose for contradiction that there is such a space X. Then by Theorem 4 the equivalence relation H ↾ T is smooth for every Polish space T ⊆ S([0, 1]). By Proposition 6 the equivalence relation E 0 is Borel reducible to H ↾ T for some Polish space T ⊆ S([0, 1]). By transitivity of Borel reducibility this implies that the relation E 0 is smooth. This is a contradiction with the well known fact that the equivalence relation E 0 is not smooth [Gao09, Proposition 6.1.7].
We can now easily prove the statement in the title.
Corollary 8. The collection of all continua is not uniquely compactifiable i.e. there is no compact metrizable space X such that every continuum is homeomorphic to exactly one component of X.
Proof. Suppose for contradiction that the collection C of all continua is uniquely compactifiable. Then by Lemma 3 it follows that C is uniquely Polishable. Hence the collection of all spirals S([0, 1]) is uniquely Polishable. This is a contradiction with Corollary 7.
We claim without a detailed proof that by similar reasons as given in the proofs above, the class S(K) is not uniquely Polishable, for example if K is a simple closed curve. Also the class of all dendrites (see [Nad92, Chapter X] for the definition) can not be uniquely Polishable because the homeomorphism relation on dendrites is not smooth [CDM05] (see also [KV18] for more details on the complexity of homeomorphism relation on compacta). On the other hand we do not know the answer to the following question.
Question 9. Let K be a non-degenerate continuum. Is it always true that E 0 is Borel reducible to H ↾ T for some Polish space T ⊆ S(K)? How is it in the case when K is the pseudo-arc? I am grateful to Adam Bartoš and Piotr Minc for their comments to this paper.
